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Exercise 1. :(7 Pts)

1) Give the Taylor’s formula with the reminder of Lagrange to the ordern = 3 at xy = 0

for f(z) = &5
1
2) Give the limited development of f(x) = \/x to the order n =3 at xo = 7
3) Calculate using L.D, the following limit

1+2
im _ .
z—0 2arctan(z) — arcsin(x)

Exercise 2. (8 Pts)

2 1 =2 1 0 0
Let M=|-1 2 3 ] andN=[0 -2 0
1 2 1 0 0 3

1. Compute the determinant of M and N, then deduce det(3M), det(M N) and det((M*)N).
2. Compute the inverse M~' of M wusing the co-factor matriz.

20+ 18 —-2y=1
3. Deduce the solution of the following linear system : { —a+26+3y=0
a+20+~v=-1

Exercise 3. (5 Pts)
1. Using integration by parts compute [ e*sinzdz.

2. Compute the following primitives
(0) | ——
N

sinzx
cos? z —|— 4

7d
2+ 5r+4

Indication (LD at 9 =0 to the order n):

3 5 2n+1
x> x
arctanx = x — 3 + 5 (=)

4 O($2n+2),

x2 2n/!

\/1+x:1+§——+...+(—1)”

2 8 22nt+1nl(n 4 1)!

T 2 +1
— n
1+1|+2'+ + +( ).

. 123 1-3:c5 1-3-5...(2n — 1)z ! P
arcsinz = = + 5.3 + 5 1.6 + ..+ 246 (2n)(2n + 1) + o(z"" 7).

" 4 o(an ).




Final Exam solution.

1. The Taylor’s formula with the reminder of Lagrange to the order n = 3 at xg = 0
for f(z) = e~3% is given by:

! 0 (2) 0 (3) O (4)
suchthat 0 <c<z OF T << rrerennnnn PR (0.540.25 pt)
AS the function f belongs to COO (R) .................................... (0.25 pt)

Ve e R: fl(x) = —3e3%, f@(x) =9e73%, fO)(z) = —27e=3 f¥)(z) = 81e3%(0.5pt)

Then,  f'(0) = =3, f)(0) =9, F®(0) = —27, f*)(c) =8le™ ... (0.5 pt)
Hence,
9 27 81e
flx) = 1+—3x—|—§x2—6x3—|— ZZ zt, with0O<z<c orz<c<0---(0.5 pt)
1
2. Give the limited development of f(x) = \/x to the order n =3 at x¢ = 7
1 1
V\/veput{;:q;—ithenx:t_i_5 .................................... (0.25pt)
1
T — 5 then A ) (0_25 pt)
Then,
1 / 1 2
f(x):f(t+§): t+2—\2f4/1_|_2t ........................... (0.5 pt)
t—0 then e () (0.25pt)
Using indication (LD at point 0).
1 1 1
V1I+2t=1+ 5(275) — §(2t)2 + E(215)3 Fo(3) e (0.25 pt)
1 1
—14+t— 5152 4+ 5753 O3] e (0.25 pt)
multiplying by N and replacing t by its value, gives
V2 V2, 1 V2 1, V2, 1, 1.5
S ST e Ol W Sl Ol AT S oSt B € ) .25 pt
f) = L P 0= e 2 L D ol ) (0.25 p)
3. We use indication (LD at zp = 0 to the order n = 1)
1
e*=1+z+o(x), \/(1+2z)= 1+§x+o(x) ----------- (0.25 4+ 0.25 pt)
2arctan(z) = 2z + o(z), arcsin(z) =z +o(x) - - v - (0.25 + 0.25 pt)
Hence the limit
1 1
e — 1tz 1+x+0(m)—1—§az—o(m) +§az+o(az)
im - = lim = lim —=——---(0.5pt)
z—0 2arctan(x) — arcsin(x)  z—0 2z +o(z) —x + o(x) —0 1z + o(x)
1 1
2%+ x.e1(x) z (2 + 51@)) 1
= £ — = lim ———% = —-.(0.25+4+0.25+40.25 pt
e—0 T+ x.£9(x) 20 (1 +e2(x)) 2 ( + + pt)
(because lim0 ei(x) =0 limo eq(x) = 0) --------------------- (0.25pt)
r— r—



2 3

-1 3 -1 2
1‘ ° det(M)_2‘2 1‘_1‘ 1 1‘_2' 1 2‘ ........................ (0.5 pt)
=2(2-6)—(—1—=3)—2(=2—=2) =4 o (0.5 pt)

o det(N) =1-(—2)-3 = —6. (because N is triangular matrix)------ (0.25+0.25 pt)
Further, according to the stated properties during the course, we
have:

o det(3M) =33det(M) =334 =108+ ooerrreiiia (0.254-0.25 pt)

o det(MN)=det(M) -det(N)=4-(—6)=—24-----cvv... (0.254-0.25 pt)

o det(M!N) = det(M?")-det(N) = det(M)-det(N) =4-(—6) = —24--- (0.5 pt)

2. The inverse of M: As det(M) # 0 the matrix M admits an inverse- - - (0.5pt)

1
-1 _ Com (M) - e 0.25 pt
n 2 3 -1 3 n -1 2
2 1 1 1 1 2
1 -2 2 -2 2 1
Com(M) = | - ‘2 ) 4 L — ‘1 2‘ ............ (0.25 x 9 pt)
n 1 =2 |2 -2 n 2 1
2 3 1 3 -1 2
which gives us
-4 4 -4 -4 -5 7
Com(M)=|-5 4 —3]---(0.25 pt);(ComM)' = 4 4 —4|---(0.25 pt)
7T —4 5 -4 -3 5
To conclude that
2 T
1 -4 -5 7 4 4
M~ = i 4 4 —4|l=l1 1 =1 (0.25 pt)
-4 -3 5 4 %5
4 4

3. Deduce the solution of the following linear system :

20+ 1 -2y =1
_a+2/8+3f)/:0 ......... (I)
a+20+v=-1

o 1
(I) <— M-X=b such thatX = | 3 andb=| 0 |---(0.25pt)
vy -1
e M L M X =Ml b (0.25 pt)



2.

The unique solution of (1) is

-5 7 11
a AU I I W vy
gl=M{o|=|1 1 -1 0l=1] 2 [-(0.25 + 0.25 pt)
gl -1 o 353\ 9

4 4 4

. Compute I = [ e”sinzdz.

We will integrate by parts twice in a row with the usual formula

/fg'd;v — fg—/f’gdx ........................ (0.25 pt)

We put f = sin(z) and ¢’ = €” - - - (0.25 pt) then f = cos(x), and g = €” - - - (0.25 pt)
Hence,

I = ¢"sin(x) — <e$ cos(z) — /—e$ Sin(m)dcz:> ------------------ (0.25 pt)
= e"sin(z) — <ez cos(zx) + /e:” sin(x)da:) --------------------- (0.25 pt)
1
= iex (Sln(.’L‘) — COS({E)) +C. CER:-tvviiiiiiiiiin (0.25 pt)
(a) Evaluate I = f%dw. |
Substitute ¢t = cosz(x) which gives us dt = _sm2(x) dx-eoeeeeen (0.25 pt)
I = /21dt— 1/1dt (0.25 + 0.25 pt)
- wra" T T2 ) Py ' P
1
= 3 arctan(t) + C. CeR---(0.25 pt)
(b) Calculate [ = [ de
245 +4
As the discriminant of the polynomial in the denominator (A = 9) is positive,
we can factorize the denominator and write - -+« vvovvieenn. (0.25 pt)
1 —1
I = 6/1dx - 6/ 3 43 | 4u(0.25 + 0.25 + 0.25 pt)
(x+1)(z+4) (x+1)  (x+4)

Y Y B (0.25 pt)

N r+1 v z+4 . P

= 2In(Jz+1|) —2In(jz +4|) + C. CeR--vovvvivennns (0.25 pt)



